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Abstract 
Prof. Rota’s problem on finding the explicit representation of an umbra1 operator is solved 
1. Introduction 
Let p,(x) and qn(x) be the basic sequences relative to the delta operators P and 
Q respectively. The operator T that maps some basic sequence p,(x) into another 
basic sequence q,,(x) is called an umbra1 operator, i.e. Tp,,(x) = q,,(x). Prof. Rota [l, 23 
proposed a problem on finding the explicit representation of umbra1 operator. In this 
paper we will answer this problem. 
To begin with, we state some notations and known results. By Lo we denote the 
evaluate at 0, that is 
Lox”= 
i 
1, n=O, 
0, n>O. 
x is multiplication by x, i.e. X.X~ = xk + ‘. 
D is d/dx, the usual derivative operator. 
Let T be an umbra1 operator. Then T satisfies the following three conditions: 
(1) T is an invertible operator. 
(2) Lo T= Lo. 
(3) T 1 D T is a delta operator. 
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(2) follows immediately from the definition of umbra1 operator and (1) and (3) are 
the results of [1,2]. 
Then according to the result of [3], the umbra1 operator T have the form 
T= u, = & ; ~5 fk(D), 
where 
T-‘DT=f(D)= c fkDk. 
k$l 
(1) 
Inversely, iff(D) is a delta operator, then U, is an umbra1 operator [3]. 
2. Theorem and proof 
It is known that a sequence of constants c,,~ with cl1 =0 can determine a basic 
sequence, such that 
c nl =Gl(P?Mx)) 
[l, Ch. 21. On the other hand, for the basic sequence p,(x) there exists a unique delta 
operator P such that p,(x) is the basic sequence relative to the delta operator P, 
P=p(D), p(t)=C q t” (2) 
?I>1 12. 
where 
&I ( P” (x)/x) = C” 1. (see PI) 
In view of formula (2), for given basic sequences p,(x) and q.(x), we can construct 
their corresponding delta operators 
and 
P=P(D)=~F~ ; Dk, (PI ZO) 
Q=dD)=k~l $ Dk, (41 ZO). 
Set 
(3) 
Now we state our main result. 
Explicit representation for umbra1 operators 299 
Theorem 2.1. Let T be an umbra1 operator mapping a basic sequence p,(x) relative to the 
delta operator P=p(D) into another basic sequence q,,(x) relative to the delta operator 
Q = q(D). Then, T has the form 
where 
T= U,’ U,, (4) 
and R(u), r(u) are expressed by (3). 
Proof. Let V and W be two umbra1 operators such that 
Vp, (x) = x” and Wq,(x) = x”. 
Observing that x” is the basic sequence for the delta operator D and using 
Theorem 7 of [6], we have 
P= V-‘DV. 
Using Theorem 2.1 of Garsia [4], we have 
Similarly, 
w= u, = kFo $Loqk(D). 
Since 
UP. =x” = WqnM 
and 
w - l VP”(X) = 9n (x)9 
then 
T= W-‘V=U,‘U,. 
Set 
s(t)=41t, (41ZQ 
From (3) we have 
q(u)=q(W)). 
Using Theorem 2.2 of [4] and Theorem 2.1 of [3], we have 
u,‘=ug(~,=(UgUR)-~=U~~Ug~=U~~Ug-’ 
(5) 
(6) 
Substituting (5) and (6) to (4) follows Theorem 2.1. 0 
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Corollary 2.2. Under the conditions of Theorem 2.1, we have 
T= U,- I(~)= 
c x” ~o(c?-‘Mw))k. 
k30 k! 
(7) 
Proof. Using Theorem 2.2 of [4] and (4) yields (7). 0 
Observing that 
I=k;o $ LoDk, 
for the case q1 = 1, we have a simpler form of the umbra1 operator T. 
Corollary 2.3. If q1 = 1, then under the conditions of Theorem 2.1, we have 
. 
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